Chiral Symmetry Breaking, Deconfinement and Entanglement Monotonicity 
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We employ the recently conjectured generalization of the c-theorem to 2+1-d to derive non- 
perturbative results for several strongly interacting field theories. In particular, by demanding that 
the universal constant part of the entanglement entropy decreases along the renormalization group 
flow, we find an upper bound Nf ~ 3.3 on the number of (four-component) flavors below which 
the non-compact QED-3 undergoes chiral symmetry breaking. Similar arguments imply that the 
compact QED-3 is always deconfining when Nf > 3.6. We generalize these results to QCD-3 as well. 
Furthermore, we derive strong constraints imposed by entanglement monotonicity on the nature of 
quantum phase transitions in condensed matter systems with "topological order". 

PACS numbers: 



Strongly interacting field-theories in 2+1-d often arise 
as a low-energy description of condensed matter systems 
and also serve as a test-bed for phenomena in 3+1-d. 
Generally speaking, there are only a few exact results 
for non-supersymmetric strongly correlated systems in 
greater than two space-time dimensions. Thus, it is nat- 
ural to ask whether there exist non-perturbative princi- 
ples that may not provide solution to particular problems 
but still help constrain the set of possibilities for a generic 
problem? An example is the central charge theorem^ for 
two dimensional conformal field theories and its four di- 
mensional version, the a-theorem 2 ^— , that strongly con- 
strain the renormalization group flow of conformal field 
theories. In this short note, we employ the recently 
proposed generalizations of the central charge theorem 
to 2+l-d£~— , supplemented with the work of Vafa and 
Witter^, to derive the low-energy behavior of several 
strongly interacting 2+1-d theories. In particular, we 
put an upper bound on the critical number of fermions 
below which the chiral symmetry breaking occurs in a 
non-compact QED-3, and an upper bound on the number 
of fermion flavors required to deconfine fermions in com- 
pact QED-3. We also derive similar results for QCD-3 for 
any non-abelian gauge group. Furthermore, we derive 
strong constraints imposed by the entanglement mono- 
tonicity on the nature of quantum and classical phase 
transitions^ 3 - in theories that involve gauge fields^—. 

Let us recall the central-charge theorem^, or, the "c- 
theorem", that has been quite fruitful in detailing the 
phase diagrams of several 1+1-d systems that have con- 
formally invariant fixed points. The c-theorem states 
that the central charge c of a conformal field theory 
(CFT) decreases along the renormalization group flow, 
as one goes from a UV fixed point to an IR fixed point. 
As an example, a relevant perturbation to the tricritical 
Ising point (c = 7/10) can take it to only two possible 
unitary CFTs: the Ising critical point (c = 1/2) or a 
fully gapped system (c = 0). There is a similar theorem 
for four dimensional CFTs, namely Cardy's a-theorem 2 ^ 
that has been put on rigorous footing^ in the recent past. 

Recently, there has been some progress in generaliz- 
ing the c-theorem to three space-time dimensions^—. 
Specifically, Refs£~— have argued that for Lorentz invari- 



ant theories, if one writes the entanglement entropy for 
a circular region of radius R as S(R) = aR — 7, the uni- 
versal constant 7 decreases along the RG flow. A second 
development has been the conjecture that the universal 
part "F" of the free energy of a CFT on a three-sphere S* 3 
decreases along the RG flow and takes a stationary value 
Fq at the fixed points^. Ref^i showed that for con- 
formally invariant systems, these two seemingly different 
proposals are equivalent with 7 = Fq at the fixed points. 
Below, we will use the entanglement entropy formulation 
of Refs£~— when thinking about 2+1-d quantum systems, 
and the i^-theorem formulation of Refs£>^ when working 
with classical field theories in 3+0 dimensions. 



I. CONSEQUENCES OF ENTANGLEMENT 
MONOTONICITY FOR QED-3 AND QCD-3 

A. Critical Number of Flavors for Chiral 
Symmetry Breaking in Non-Compact QED-3 

Dynamical symmetry breaking is a phenomenon 
shared by many strongly coupled field theories. In this 
section, we consider spontaneous generation of chiral 
mass in non-compact QED-3 12 i 20 . The theory is given 
by: 



Cqed-3 = ^2 ^« H7a< (d» 
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where ip is a four component Dirac fermion and a M 
is a non-compact U(l) gauge field. The four-component 
notation help defines chiral symmetry in 2+1-d. Organiz- 
ing tjj as two two-component spinors, i/j = [tp^ "4'i\ T , and 
choosing 70 = 03 <g> cr 3 , 71 = ia 3 ® 0\ , 72 = icr 3 ® cr 2 , the 
chiral mass is given by AC = mipip = iptosi/)^ — 7/>|ct3^. 
Such a mass breaks the global U(2Nf) symmetry of the 
above action down to SU(N f ) x SU{N f ) x U(l) x U(l) 
while preserving the parity and time-reversal. Thus, 
when generated spontaneously, it leads to 2Nj number of 
Goldstone modes. Following Vafa and Witteni 2 -, this is 
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the most likely form of spontaneous symmetry breaking 
pattern for QED-3, an expectation that is also supported 
by various other analyses^- 

It is generally believed that the Lagrangian in EqnQ] 
undergoes dynamical chiral symmetry breaking (CSB) 
only for Nf < Nf Ct csB where the precise value of 
Nfc.cSB has been a point of vast discussio n 20 i 21 . As 
we now argue, monotonicity of the entanglement entropy 
between RG fixed points implies that there indeed exists 
a critical Nf Ct csB above which there is no CSB and fur- 
thermore, one can obtain an upper bound on Nf c ^csB, 
which we denote by Nf c CSB below. Our argument is 
similar in spirit to those presented by Appelquist et al22 
where it was suggested that the thermodynamic free en- 
ergy density may serve as an analog of the central charge 
in three dimensions. However, there are known counter- 
examples to the monotonicity of free energy density & 23 i 24 
and therefore it cannot be trusted for obtaining any such 
bounds. 

CSB in a non-compact QED-3 can be thought of as 
a weak-coupling instability of a UV fixed point consist- 
ing of Nf four-component free Dirac fermions and a free 
photon to an IR fixed point consisting of 2N"j Gold- 
stone modes and a free photon. The universal part of 
the entanglement entropy for a free Dirac fermion equals 
iDirac = 0.219. The assignment of 7 to the free photons 
as well as the Goldstone modes require a bit more thought 
since a free photon in three-dimensions is not conformally 
invariant 25 . Indeed, when put on a sphere S 3 of size R, 
this lack of conformal invariance leads to a logarithmic 
dependence of its free energy^ on R . Since a Goldstone 
mode is dual to a free photon in three dimensions 2 ^, one 
again expects logarithmic corrections to its entanglement 
entropy^. For our purposes it would be useful to as- 
sign an infinitesimal mass Sm to the Goldstone mode, 
such that Sm <C I' 1 where I is the size of the region for 
which the entanglement is being calculated. This assign- 
ment of mass is not merely a mathematical convenience; 
physically, the phenomena of symmetry breaking is best 
understood by applying a vanishing small magnetic field 
that couples to the order-parameter field, and only then 
taking the thermodynamic limit. The mass Sm plays the 
role of this infinitesimal magnetic field in our discussion. 
The main implication of this small mass is that it effec- 
tively converts a Goldstone mode to a non-compact free 
scalar, which has a 7-value of j sca iar = 0.0638 (Refi 2 ^) as 
18m — > 0. The photon can be dealt in the same way. In 
this case, the mass Sm corresponds to the inverse of the 
confinement length for the photon, as one can readily see 
by dualizing the photon to a Goldstone mode. Hence, it 
can also be assigned the 7 value of a free scalar, though 
we will not need this precise value in this subsection. 
The Dirac fermion in the UV is unaffected by infinites- 
imal Sm or the large confinement length and continues 
to contribute universal entanglement ^Dirac at the UV 
fixed point. 

Let us therefore consider the Lagrangian in EqnfT] and 
assume that it undergoes spontaneous CSB, leading to 



the generation of the chiral mass term and 2Nj Gold- 
stone modes. The value of 7 at the UV fixed point is 
given by 

lUV = 2A r /7 Dirac + ^photon (2) 

While in the CSB phase, it is given by 

lIR = ^N 2 p sca i ar + -fphoton (3) 

Using the conjectured montonicity of 7 under RG 

flow 5 - - — , 7;/y > jm and thus, for CSB to occur, one 
requires 



^/scalar 

= 3.3056 (4) 

Therefore, N^ c CSB = 4, that is, the compact QED- 
3 with four or greater number of four-component fla- 
vors (i.e. eight flavors of two-component flavors) is 
always in the chirally symmetric phase. In the two- 
component notation, this corresponds to eight flavors of 
Dirac fermions. We note that the estimates for Nf Ct csB 
(in four-component notation) based on various approxi- 
mate techniques and lattice-QED studies range from 1.5 
to 



B. Critical Number of Flavors for Deconfinement 
in Compact QED-3 

The Lagrangian for compact QED-3 is same as EqiifTJ 
the only difference being that the instantons in the 
gauge field configuration are now allowed. Following 
Polyakov^, in the absence of any matter field, compact 
QED-3 confines. However, one expects that the compact 
QED-3 with Nf (four-component) flavors deconfines for 
Nj S> 1— where the precise value of the critical number 
Nf c ,Dec required for deconfinement is not known. Be- 
low, we show that the arguments similar to the previous 
subsection, when supplemented with the work of Witten 
and Vafa in RefJZ, implies that one always obtains de- 
confinement when Nf > 4 (we remind the reader that 
this corresponds to eight flavors in the two-component 
notation). 

So let us start with compact QED-3 in the UV with 
massless photons and Nf massless fermions. One can 
imagine four distinct possibilities for the fate of this the- 
ory in the IR: 

I The theory confines with a mass gap to all excita- 
tions. 

II The theory confines while breaking the flavor sym- 
metry SU (27V/) down to some smaller subgroup re- 
sulting in massless Goldstone bosons. 
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III The theory deconfmes with massless fermions in the 

mat. 

IV The theory deconfmes while maintaining gap to the 
fermions and gauge fields in the IR£L. 

In a remarkable paper, Vafa and Witter^ argued 
that in 2+1-d, whenever there exist Nf > 3 massless 
fermions coupled to massless gauge bosons in the UV, 
then there necessarily exist massless particles in the IR. 
Thus, for Nf > 3, the possibilities I and IV are ruled 
out. We now show that when Nf > 4, the possibility 
II is also ruled out. To see this, note that the univer- 
sal part of the entanglement entropy in the UV is given 
by 2Nf"/ Dirac + photon- We again assign the photon a 
large confinement length in the UV which is taken to 
infinity at the end of the calculation for entanglement 
entropy. Thus, it behaves exactly like a Goldstone mode 
in the previous subsection with "/photon — "/scalar- As- 
suming that the pattern of flavor symmetry breaking 
u(2N f ) -> U (Nf) x U(N f ), this leads to 2Nj 
Goldstone modes in the IR. In contrast to the discussion 
in the last subsection, the photon does not survive af- 
ter symmetry breaking since we are dealing with a com- 
pact QED. The monotonicity of entanglement entropy 
implies that the symmetry breaking is possible only if 
2N f "/ Dirac + "/photon > 2Nj"/ Goldstone , that is, Nf < 3.58. 
Therefore, when Nf > N¥ c Dec = 4 (which equals eight 
flavors in two-component notation), one should obtain 
deconfinement in the IR with gapless fermions, since all 
the other known possibilities are ruled out. 



chiral symmetry breaking to be possible, the following 
condition must be satisfied: 

2N f d(G)"/ Dlrac + r(G)"/ 

scalar > Naoidstonels calar (6) 

where d(G) is the dimension of the representation of 
the group G under which fermions transform, r(G) is the 
number of generators of G and Ncoidstone is the number 
of Goldstone modes generated due to chiral symmetry 
breaking. Ncoidstone depends on the patter on symmetry 
breaking and will generally scale as Nf leading to a finite 
upper bound N^ c . 

As a concrete example, consider fermions transforming 
in the vector representation of the group G. Furthermore, 
taking cue from Vafa-Witten theorem^, as well analy- 
ses in Refs i 32 i 33 , let us assume that the chiral symmetry 
breaking pattern is "symmetric", that is, SU(2Nf) —> 
SU(N f ) x SU(N f ),0(4Nf) 0(2N f ) x 0(2N f ) and 
SP(2N f ) -> SP(Nf) x SP(Nf). This leads to the fol- 
lowing constraints on Nf c 

G = SU(N C ) : 
2Nf c N c "f Dirac + (Nl - l)"/ s 

calar scalar 

G = Q(N C ) : 

2Nf c N c "/ D irac + ^N C (N C - l)7 sca ; a r > <±N 2 f c l scalar 



C. Critical Number of Flavors for Chiral 
Symmetry Breaking and Deconfinement in QCD-3 

The argument in the previous subsection may be gen- 
eralized to QCD-3. Consider the theory of Nf flavors of 
four-component Dirac fermions coupled to a non-abelian 
gauge field whose elements lie in a group G : 

N f _ 

Cqcd-3 = X; ip a [-»7m (fy ~ WA 1 U T 1 )] V, a +Tr (F^) 

a=l 

(5) 

Above, T % are the generators for the gauge group G. 
We consider three gauge groups G: SU(N c ),0(N c ) and 
SP(N C ) with fermions possessing the global symmetry 
U(2Nf),0(4Nf) and SP(2N f ) respectively. 

The first question we ask is: what is the critical value 
of Nf c below which the above described chiral symmetry 
is spontaneously broken? Following the same argument 
as in the subsection IA, an upper bound N¥ c on Nf c 
can again be obtained using entanglement monotonicity: 
above certain Nf, the number of Goldstone modes gen- 
erated due to chiral symmetry breaking will be too large 
to satisfy the entanglement monotonicity. A derivation 
similar to the previous two subsections imply that for 



G = SP(N C ) : 

1 / 2 

2N fc N c "/ Dlrac + —N C (N C + 1) 7 

scalar la r 

These equations can be readily solved to find the fla- 
vor number N^ c CSB above which one always expects a 
chirally symmetric phase. Rather than writing down the 
closed-form solution to the above simple equations, we 
simply note that when N c > Nf, chiral symmetry break- 
ing cannot occur and in the limit Nf 3> N c , N¥ c csb is 

given by N¥ c csb w — lDi j aa . This is consistent with 
the intuition that greater the N c , larger is the value of 
Nfc, akin to the celebrated result for 3+1-d QCD 3 ^, and 
also consistent with the approximate analysis of Ref.™ 
for 2+1-d. 

Similar to the analysis in the last section, Vafa-Witten 
argument^ may again be used to relate NV C csb to an 
upper bound N¥ c dec on the critical number of flavors re- 
quired for deconfinement in the IR. There is one subtlety 
however. If A^ c is odd, even if there is no symmetry break- 
ing, one can imagine a confined phase where the quarks 
are bound together to form a fermionic baryon. For N c 
even, such a possibility does not exists. For this case, 

N fcdec is § iven b y N fc,dec = Max (4, Nf^gg) where 
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'Max(a, by denotes the maximum of the two numbers a 
and b. This is because there exist gapless particles in the 
spectrum when Nf > 4 and for Nf > N^ cCSB , as we 
just argued, they cannot be Goldstone modes. 

Large- Nf perspective : We would like to end this sec- 
tion with a slightly different perspective. In the above 
treatment, we treated CSB as the instability of a UV 
fixed point consisting of free fermions and free pho- 
ton/gluons. Furthermore, we equated the 7 value for 
a free photon/gluon to that of a free scalar by provid- 
ing a large confinement length to the photon, so that 
one can use the result for a non-compact scalar. For the 
sake of completeness, we now provide a slightly different 
(and weaker) argument that does not require perturbing 
around the free fixed point but still leads to essentially 
the same results. 

When N f > 1, QED-3 as well QCD-3 flow is known 
to be described by an interacting conformally invariant 
fixed point in the IR. As Nf decreases, at some point 
there may be possibility of CSB to a Goldstone mode 
phase, and we are interested in putting a bound N^ c on 
Nf above which this is ruled out. This bound may be 
obtained by comparing the entanglement 7 of the inter- 
acting QED-3/QCD-3 with that of the Goldstone mode 
phase. Of course, since QED-3/QCD-3 is an interacting 
theory, one does not know the exact 7 for these theories, 
but one can calculate it in a 1/Nf expansion^. As the 
reader might anticipate, to the leading order in Nf, the 
7 value of the interacting QED-3/QCD-3 is given simply 
by the value of 7 at the aforementioned UV fixed points, 
i.e. 7QSD-3 = 2NfN clDlrac + 0(1/N) where N c = 1 for 
QED-3. The 7 value for the Goldstone mode phase re- 
mains unchanged from the previous discussion and scales 
as Nf. Therefore, if 7 is indeed monotonic between two 
fixed points of RG, one concludes that the scaling 7 cx Nf 
at the interacting fixed point as compared to 7 cx Nf at 
the Goldstone mode fixed point, implies that there in- 
deed exist a finite Nf c . Furthermore, its value exactly 
matches the value calculated in the previous subsection 
to the leading order in Nf c , Since, in the two component 
irreducible representation, we find N^ c sa 8 for QED-3 
as well as SU(N) QCD-3, the corrections to this num- 
ber are expected to be small, which is confirmed by the 
non-perturbative arguments in the previous subsections. 

II. DECONFINED VS CONVENTIONAL 
CRITICAL POINTS 

Deconfined quantum critical points: In this sec- 
tion, we will consider a few applications of entanglement 
monotonicity to interacting spins and/or gauge fields on 
lattices in 2+1-d and 3+0-d. 

Let us start by posing the following question: for an 
SU(2) symmetric spin-system in 2+1-d, can there ever be 
a quantum phase transition out of a gapped paramagnet 
that carries one spin-i spin per unit cell, such that the 
transition lies in the conventional 0(3) universality class? 



Before attempting to answer the above question, it 
is perhaps important to understand the backdrop. In 
3+0-d classical statistical mechanics, the phase transi- 
tion between an ordered O(N) magnet and a disordered 
phase (i.e. a paramagnet) generically lies in the O(N) 
universality class. However, quantum mechanical spins 
carry non-trivial Berry's phase which may not only lead 
to a dramatic change in the nature of the magnetic 
phase transitio n 16 ! 17 ' 45 , but perhaps even more strikingly, 
they can sometimes disallow the existence of a feature- 
less gapped paramagnet altogethe r 36 ! 37 . In particular, 
Hastings^ 7 - showed that a paramagnet with an odd num- 
ber of spin-i spins in the unit cell has a robust ground 
state degeneracy on the torus. The non-uniqueness of the 
ground state is related to the fact that the low-energy 
theory is a topological quantum field theory and the re- 
sulting paramagnet is a "topologically ordered" stated. 
Thus, the aforementioned question may be reformulated 
as: for an SU(2) symmetric spin-system in 2+1-d, can 
there ever be a quantum phase transition out of a topo- 
logically ordered paramagnet, such that the transition 
lies in the conventional 0(3) universality class? 

A topological ordered paramagnet has a non-zero uni- 
versal entanglemen t 46 ! 47 , 7 topo . This fact, when sup- 
plemented with entanglement montonicity puts a strong 
constraint on the universality class of the aforementioned 
transition. One can obtain an upper bound on the 7 value 
for the conventional 0(3) critical point by flowing down 
to it from the Gaussian fixed point. The Gaussian point 
consists of three free scalars and therefore, 

7o (3 ) < 3 x 0.0638 (7) 

If the critical point flows to a topologically ordered 
paramagnet on one side of the phase diagram, then the 
"/critical corresponding to the phase transition point must 
satisfy: 

"/critical ^ "/topo (8) 

The 7to P o, on the other hand, can only take a discrete 
set of values, since it is related to the quantum numbers of 
the excitations that lie above the ground stat o 46 ' 47 . The 
smallest possible value of "/topo is attained by the Laugh- 
lin v = 1/2 state with j topo = log(\/2) ~ 0.3466. Clearly, 
this is greater than the upper bound for 70(3) . Therefore, 
we conclude that such a transition is not allowed to lie in 
the 0(3) universality class , even though the global sym- 
metry is just SU(2). Indeed, all the known transitions 
between the ordered phases and the topologically ordered 
phases have fractional particles even at the transition 
which leads to a different value of "/critical such that the 
equation "/critical > "/topo is always satisfie d 10 ' 18 ! 19 where 
jtopo is the value for the topologically ordered phase. We 
note that there already exist several realistic models of 
frustrated magnets^ - —, which seemingly exhibit a direct 
phase transition between a topologically ordered param- 
agnet and an SU(2) symmetry broken state. 
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Similar analysis can be done for phase transitions in 
bosonic systems that have a global U(l) symmetry cor- 
responding to boson number conservation. For example, 
the phase transition between a superfluid and a v = 1/2 
fractional quantum Hall state of bosons can not be a 
conventional 0(2) transition because 70(2) < 2 x 0.0638 
while 7„ = i/2 = log(v / 2) ps 0.3466. This is indeed con- 
sistent with the known theory for this transition^. On 
the other hand, the phase transition between an inte- 
ger quantum Hall state of bosons and a superfluid is al- 
lowed to be in the 0(2) universality class, since the in- 
teger quantum Hall state has 7 = 0. Indeed, the critical 
theory for such a transition is just 0(2)^. 

Transitions in classical gauge-matter theories: 
The same argument as above also applies to classi- 
cal finite temperature transitions in gauge-matter the- 
ories in 3+0 dimensions. For example, consider classi- 
cal Z2 gauge-matter at finite temperature on a three- 
dimensional cubic lattice^: 

Z= ]T e-"(M,W) (9) 

where 

H({a},{s}) = -J Sia ijSj - Kj2U a ( 10 ) 
<ij> a a 

This phase diagram of this model is well-understood^. 
The easiest way to establish this phase diagram is to 
first consider the limit J = in which case one obtains 
a pure gauge theory which is separated from the con- 
fined phase via a second-order transition. Similarly, in 
the limit K = 00, the deconfined phase is separated from 
the Higgs phase by a second-order transition. As shown 
in Ref.— , the Higgs and the confined phase are one and 
the same. 

The main point that we want to emphasize here is that 
though both the aforementioned transitions are generally 
assumed to be in the Ising universality class, in a strict 
sense, this is not true. The free energy F on S 3 for the 
Z2 deconfined phase is log(2) (Ref4£), while the F for a 
conventional Ising critical point is bounded from above by 
Fscaiar = 0.0638. Indeed, by performing a quantum-to- 
classical mapping, and using the arguments of RefJ^, this 
transition can be argued to consist of critical 2+1-d Ising 
CFT coexisting with deconfined (quantum) Ising gauge 
theory. Using the notation of Refj££, the transition may 
thus be called Ising*, and it has the universal F = i 7 i s i n g+ 
log(2) where -Fising is the value for the conventional 3D 
Ising critical point. It is interesting to note that all local 
operators will have scaling dimensions identical to that at 
the Ising transition and yet the transition is in a different 
universality class since the F value differs. 

The distinction between the regular Ising and Ising* 
may seem 'trivial' in that the CFT with the infinite cor- 
relation length (= Ising model) and the TQFT with zero 



correlation length (= Ising gauge theory) essentially de- 
couple at low-energies. However, presence of topological 
degrees of freedom at such transitions can have dramatic 
consequences for the nearby phases as we exemplify now. 
Consider Kitaev's honeycomb model^i, where in the ab- 
sence of any magnetic field and uniform couplings one 
obtains a nodal Z2 topologically ordered state. At low- 
energies, such a state shows decoupling between the gap- 
less fermionic degrees of freedom and the gapped Ising 
gauge theory, very similar to the case of Ising* transi- 
tion above. Thus, the value of 7 for this phase is given 

by^ Inodal = Igauge + 7 '/ erraion ~ log(2) + 0.22 PS 0.91. 

Now, this phase is known to be unstable for infinitesimal 
value of magnetic field in the [111] direction to a topo- 
logical ordered phase with anyons that obey non-abelian 
statistics^ which happens to have a 7 = log(2). Such 
an RG flow from the gapless state to the gapped topo- 
logical ordered state would be prohibited due to the en- 
tanglement monotonicity, if it were not for the presence 
of gapped Z 2 gauge sector in the gapless phase. This is 
because, the fermions alone carry 7/ erm i n ~ 0.22, too 
little to allow a direct flow to the non-abelian state with 
7 = log(2). 



III. SUMMARY AND DISCUSSION 

In this note, we employed the recently conjec- 
tured generalization of the c-theorem to odd space-time 
dimensions^— to derive an upper bound Nf ps 3.3 on the 
critical number of four-component flavors below which 
non-compact QED-3 undergoes chiral symmetry break- 
ing. We also obtained an upper bound Nf ps 3.6 on 
the number of four-component flavors required to make 
a compact QED-3 deconfining in the IR. We also gener- 
alized both of these results to QCD-3 for arbitrary gauge 
groups. Furthermore, again using the monotonicity of 
entanglement entropy, we showed that the transitions to 
topologically ordered paramagnets in an 577(2) symmet- 
ric spin-system can never lie in an 0(3) universality class. 
We also pointed out that there exist classical phase tran- 
sitions where correlation functions of all local operators 
are identical to that of an Ising transition, yet the critical 
point does not lie in the conventional Ising universality 
class. 

Apart from being of general field-theoretic interest, 
our results have obvious implications for several phys- 
ical systems. QED-3 and QCD-3 is the putative low- 
energy theory of the so-called "algebraic spin-liquids" 
that arise in the context of frustrated magnets. One of 
the central questions in the spin-liquid theory is: When 
are spin-liquids stable to the confinement? Though one 
expects deconfinement for Nf S> 1, a precise value of 
Nf c above which one obtains deconfinement has been 
lacking^. For example, Refj^ proposed an algebraic 
spin-liquid on the kagome lattice whose low-energy the- 
ory corresponds to QED-3 with eight two-component fla- 
vors. Similarly, Ref^ studied a square lattice model 
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using Quantum Monte Carlo where the author found 
evidence for the deconfined phase of QED-3 with eight 
two-component flavors. Similar spin-liquids with eight or 
more two-component flavors were also discussed in Ref^ 
where a 1 /N perturbative RG analysis was performed to 
determine the instabilities of algebraic spin-liquids. Our 
non-perturbative results imply that all of these putative 
spin-liquids are indeed stable against confinement. 

A different question that is also relevant to the spin- 
liquid theory is: when is confinement accompanied by 
spontaneous breaking of chiral symmetry? This question 
may be answered using the results of Ref J^. If the num- 
ber of four-component flavors Nf > 4 and one undergoes 
a confinement transition out of an algebraic spin-liquid, 
then it is necessarily accompanied by Goldstone modes 
since the spectrum must have gapless particles^. 

Admittably, even thought our method provides non- 
perturbative bounds on CSB and deconfinement, it does 
not provide any direct insight into the mechanism for 
either of these phenomenon. We hope that a better un- 
derstanding of entanglement monotonicity might lead to 
progress in this direction. We should also mention that 
though there now exist many non-trivial tests in support 



for the monotonicity of entanglement or the free energy 
between on S 3 (see e.g. Re fi 5 ' ), as well as general argu- 
ments in favor of it£r— iL, a rigorous proof is still lacking. 
In these respects, it might be interesting to explore the 
connection between the entanglement monotonicity, and 
the thinning of IR degrees of freedom via wave-function 
renormalization approach introduced in Refj^. 

Finally, we mention that it will be worthwhile to find 
and study examples, perhaps in 2+1-d supersymmetric 
field theories, where the precise value of the number of 
flavors required for chiral symmetry breaking transition 
is known, so that the methodology presented in this note 
can be verified. 
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